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Flight paths



Conflict free paths for drones
• Path: continuous function of time to 3-D space

• Two paths are conflict-free when at all times, the distance between 
them is at least the minimum separation (ms)

conflict_free( p1, p2, ms )  ≜
∀ t· t ∈ TIME   ⇒  ms ≤ dist( p1(t), p2(t) )  



shortest distance



Conflict free path and object
Given

Path p
3D object o
ms minimum separaGon

conflict_free( p, o, ms ) ≜ 
∀ t· t ∈ TIME   ⇒  ms ≤ shortest_distance( p(t), o )  



Event-B: Machines and Refinement

• Machine M1
• Variables
• Invariants
• Collection of guarded atomic nondeterministic events

• Refined Machine M2 refines M1
• Variable that may data-refine abstract variables
• (Gluing) Invariants
• Each event either
• Refines an event of M1, or
• Refines skip (new event)
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In a nutshell: piecewise refinement of 
abstract continuous water level in water tank
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Modelling Continuous Behaviour in Event-B

• MJ Butler, JR Abrial, R Banach, Modelling and Refining Hybrid Systems in Event-B 
and Rodin, From Action Systems to Distributed Systems, 2016

• variable clk ∈ ℝ+

• variable wl ∈ ℝ+ → ℝ  // partial function 
• invariant wl ∈ cts(0,clk)  //  wl is a continuous function
• invariant ran(wl) ⊆ L..H  //  wl is bounded

• Invariants are used to specify a property satisfied by the entire evolution of 
continuous variables. 
• Interval events are used to specify a property on continuous evolution within an 

interval of nondeterministic duration. 



Interval 1 Interval 2

event IncreaseWaterLevelInterval  
any t,f  where 
 t ≥ clk+ε 
 f ∈ cts(clk,t) 
 f(clk) = wl(clk) 
 f ∈ mono_inc 
 f(t) ∈ L..H 
then 
 wl := wl ∪ f 
 clk := t 
end 

clk t

water level wl

invariant  ran(wl) ⊆ L..H 

axiom 
       ∀f • f ∈ cts(i,j) 
 f(i), f(j) ∈ L..H 
 f ∈ mono_inc 
  ⇒
 ran(f) ⊆ L..H 



Refine by periodic control of pump
new event PeriodicIntervalIncrease 
any fP where 
 pump = on

 wlP(clkP) ≤ HT

 fP ∈ cts(clkP , clkP + P)

 fP(clkP) = wlP(fP)

 fP(clkP + P) ≤ wlP(clkP) + (RI × P) 

 fP ∈ mono inc 
then 
 wlP := wlP ∪ fP 
 clkP := clkP + P 
end 

Periodic intervals duration P

wlP

axioms 
 L < LT < HT < H 
  L ≤ LT−(RD×T) 
  HT+(RI×P) ≤ H

RI: rate of increase when pump on 

invariants 
  pump =on ⇒  wlP ∈ mono_inc
  pump =off ⇒  wlP ∈ mono_dec
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Refining the abstract interval event
refined event IncreaseWaterLevelInterval 
any fP where 
 pump = on

  wlP(clkP) > HT 

then 

 wl := wl ∪ wlP
 wlP := {clkP} ▹ wlP 
 clk := clkP
 pump := off
end 

Periodic intervals duration P

wlP
H
HT

LT
L



Refine: merge big and small step variables

invariant wlM = wl ∪ wlP 
invariant clkM = clkP 

• Big step interval simplifies to:

refined event IncreaseWaterLevelInterval 
 pump = on 
 wlM(clkM) > HT 
then 
 pump := off
end



Refining segment interval events

• Periodic control of pump: introduce new events to break large 
nondeterministic continuous intervals to smaller period intervals 
• Effect of this refinement is to resolve abstract nondeterminism in 

earlier stages
• This allows to model actions that prevent violation of constraints on 

abstract continuous intervals, e.g.,
• Choose path that avoids known static obstacles
• Change path if dynamic object detected and predicted to lead to conflict



Event FlySegment  
any t,s  where 
 t ≥ clk+ε 
 s ∈ cts3(clk,t)  \\ cts in 3 dimensions
 s(clk) = path(clk) 
  ∀o • o ∈ near_obs ⇒ conflict_free(s,o)
then 
 path := path ∪ s 
 clk := t 
end 

Safe flight path with (nearby) static objects





Event FlySegment  
any t, s, vs, near_vehs  where 
 t ≥ clk+ε 
 s ∈ cts3(clk,t) 
 s(clk) = path(clk) 
 near_vehs ⊆ vehicles
 vs ∈ near_vehs → cts3(clk,t) 
 ∀o • o ∈ near_objs ⇒ conflict_free(s,o)
 ∀v • v ∈ near_vehs ⇒ conflict_free(s,vs(v))
then 
 path := path ∪ s 
 vpaths(v) := vpaths(v) ∪ vs(v), all v ∈ near_vehs
 clk := t 
end 

Adding dynamic (nearby) objects



Refining segment interval events

• Periodic control of pump: introduce new events to break large 
nondeterministic continuous intervals to smaller period intervals 
• Effect of this refinement is to resolve abstract nondeterminism in 

earlier stages
• This allows to model actions that prevent violation of constraints on 

abstract continuous intervals, e.g.,
• Choose path that avoids known static obstacles
• Change path if dynamic object detected and predicted to lead to conflict



Refinement of paths:
Waypoints, routes, segments

• Waypoint: time and 3-D position

• Route:  sequence of waypoints increasing in time

• Segment: straight line path between successive waypoints on a route

• C Bogdiukiewicz, M Butler, TS Hoang, M Paxton, J Snook, X Waldron, T 
Wilkinson, Formal development of policing functions for intelligent systems, 
International Symposium on Software Reliability Engineering (ISSRE) 2017



Refinement: new periodic event 

new event PeriodicSafeContinue 
any sp  where 
 sp is a collision free extension of path with duration P
then 
 pathp := pathp ∪ sp 
 clkp := clkp + P
end 



Different Refinements of FlySegment

Event NextWaypoint
Refines FlySegment  
when 
 next waypoint reached
then 
 target := next waypoint
end 

Event ChangeDirection
Refines FlySegment  
when
 potential collision detected
then 
 target := new safe waypoint
end 

Event Hover
Refines FlySegment  
when
 potential collision detected
 safe to hover
then 
 activate hover
end 



Checking linear segments

• Abstract spec involves universal quantification over 
real interval:

∀ t· t ∈ TIME   ⇒  ms ≤ dist( p1(t), p2(t) ) 

• Refined to geometric argument on linear segments



Guaranteed Safe AI system

1. The probabilistic safety specification encodes societal risk criteria, which 
should ideally be determined by collective deliberation. 

2. The verifier provides a quantitative guarantee … that the AI system 
satisfies the specification with respect to the world model.

3. All potential future effects of the AI system and its environment relevant 
to the safety specification should be modelled (and – if feasible – 
conservatively overapproximated) by the world model. 

• Towards Guaranteed Safe AI: A Framework for Ensuring Robust and Reliable AI Systems
Dalrymple, Skalse, Bengio,  Russell, Tegmark, Seshia, Omohundro, Szegedy, Goldhaber, 
Ammann, Abate, Halpern, Barrett, Zhao, Tan, Wing, Tenenbaum, 2024







Guaranteed Safe AI again

• Socio-technical benefit of GS AI: “it makes democra-c oversight 
easier, because concrete safety specifica-ons can be audited and 
discussed by outside observers and regulators”

• “…if it is impossible to create world models that are sufficiently accurate to 
ensure that an AI system adheres to some specifica=on, then it is 
presumably in general impossible to ensure that this specifica=on is 
sa=sfied by that system.”
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